In this paper, we analyze a call center with impatient customers. We study how informing customers about their anticipated delays affects performance. Customers react by balking upon hearing the delay announcement, and may subsequently renege, particularly if the realized waiting time exceeds the delay that has originally been announced to them. The balking and reneging from such a system are a function of the delay announcement. Modeling the call center as an M/M/s+M queue with endogenized customer reactions to announcements, we analytically characterize performance measures for this model. The analysis allows us to explore the role announcing different percentiles of the waiting time distribution, i.e., announcement coverage, plays on subsequent performance in terms of balking and reneging. Through a numerical study we explore when informing customers about delays is beneficial, and what the optimal coverage should be in these announcements. It is shown how managers of a call center with delay announcements can control the tradeoff between balking and reneging, through their choice of announcements to be made.
Introduction
As call centers are growing in numbers and importance, they are also becoming more sophisticated in their use of technology (Gans et al. (2003) ; Akşin et al. (2007) ). Announcing anticipated delays to customers in order to modulate their use of the call center is one such use of technology, which motivates the research in this article. The main reason for informing customers about their queueing delays is to alleviate congestion and to reduce customer dissatisfaction with waiting.
Information about anticipated delays is especially important in service systems with invisible queues (tele-queue) of which call centers are a prime example (Bitran et al. (2008) , Zohar et al. (2002) . In such systems, the uncertainty involved in waiting is higher than that in systems with visible queues. Upon arrival and during their wait, customers have no means to estimate queue lengths or progress rate. "Uncertain waits are perceived to be longer than known, finite waits" (Maister (1985) p. 118) and have been related with lower satisfaction (Taylor (1994) ). Providing delay information is shown to improve satisfaction (see for example Taylor (1994) , Katz et al. (1991) , Hui and Zhou (1996) ). Several reasons have been attributed to this improvement: a sense of better control on the part of the customer (Katz et al. (1991) , Taylor (1994) , Hui and Tse (1996) ), a reduction in perceived waiting time (Hui and Zhou (1996) ), or alternatively an improvement in the acceptability of a wait as a result of delay information (Hui and Zhou (1996) ).
In call center settings, satisfaction with waiting experiences affect customers' reactions in terms of balking and reneging behavior. Delay announcements, through their effects on customers, may further modulate these customer reactions. When a new arrival thinks that her anticipated delay is too long, she can balk without joining the system. A delay announcement will instigate further balking, leading to a reduced number of customers in queue and shorter waits. For customers who enter the queue, delay announcements may further have the effect of increasing their patience by reducing the uncertainty. However, since perfect announcements are not possible in reality, some customers may experience longer delays than what has been announced to them. This in turn may have a negative effect on satisfaction and resulting patience behavior. This loose discussion indicates a close relationship between delay announcements and resulting customer behavior. We explore this relationship in the subsequent analysis and propose a model to analyze it. We aim to answer the following questions: how can delays be predicted and once the predicted waiting time distribution is obtained, what should be announced to customers? Is it always in the service provider's best interest to announce delays, and if so should the announcement be as close to reality as possible?
Predicting delays for arriving customers is system state-dependent. This is different from estimating stationary performance measures and usually makes the analysis intractable.
In the context of prediction and announcement of delays, an extra layer of complexity is introduced. The analysis becomes more difficult since we have to take into account the description of the system in addition to the announcements given to each waiting customer in queue. Existing research often looks for approximations, such as announcing the stationary mean waiting time, or announcing the actual delay of the last customer (motivated by large systems in an overload regime, see Armony et al. (2005) ). In this work, we analyze Markovian models. Paralleling Whitt (1999a) , we consider a single class multi-server call center model with impatient customers and working under the first come, first served (FCFS) assumption. Customer reactions to delay announcements are modeled as balking and a form of abandonment. Our main insights are derived from the analysis of this simple model. Starting from a model with perfect delay announcements and contrasting it with a model with no delay announcement, we detail and justify the quantitative building of the new model with potentially imperfect delay information. In our model, customers have the opportunity to balk in response to their anticipated delay. Further to the balking reaction, it has been shown using real call center data that the reneging behavior may also change in response to delay information (Feigin (2005) ). We model that effect by extending the model of Whitt (1999a) , letting already informed customers renege, even after having chosen to join the queue. We propose a method for the modeling of the new reneging experience by relating it to the delay announcement that is made.
Once we obtain the predicted waiting time distribution of a new arrival, we investigate how the service manager should profit from that information to make the announcement.
The manager has a choice in terms of choosing a particular percentile of the waiting time distribution to announce to the customer. In making that choice, the manager considers the following tradeoff. Informing the customer of short waiting times, which is likely to underestimate the actual waiting, might lead to less balking but excessive reneging and reduce the reliability of the service provider in the eyes of the customers. On the other hand, informing the customer of large waiting times increases the number of balking customers, but as a result leading to a system that might allow to serve customers within shorter and reasonable delays. Through a numerical analysis, we investigate how the ideal percentile should be chosen as a function of costs associated with balking and reneging customers, system size, and different modeling assumptions about customer reaction. The idea of controlling the tradeoff between balking and reneging through appropriate manipulation of customer reactions that we analyze herein, is similar to the idea of selecting the size of a finite waiting space in a queueuing system to control this tradeoff (Kolesar (1984) , Koole and Mandelbaum (2002) ).
Our main contributions can be summarized as follows: We propose a model that explicitly takes customer reactions to delay announcements into account, both in terms of balking and reneging behavior. This distinction in reactions allows us to model reality more closely, where we observe both types of reactions. It further enables us to differentiate between the two types of departure from queue from a customer standpoint, where a customer may prefer an informed balking decision when delays are announced over a misinformed reneging decision when the announced time is exceeded in practice. We analyze the resulting model as a birthdeath process, and characterize its performance measures. The analysis allows us to explore the role announcing different percentiles of the waiting time distribution, i.e., announcement coverage, plays on subsequent performance in terms of balking and reneging. We show under what conditions providing information on delays to customers will be beneficial, and illustrate that more likely delay information is not necessarily better in terms of system performance.
We demonstrate that while the service provider will want to announce a delay that is typically different from the expected waiting time, the relationship between performance and different announcement coverages is not monotonic due to the tradeoff between balking and reneging.
The idea of controlling this tradeoff through a choice of announcement coverages is new, and constitutes our main managerial contribution.
The paper is structured as follows. In Section 2 we provide a review of related literature.
Section 3 describes the setting and possibilities regarding types of delay announcements and reactions to these by customers. The models without and with delay announcement are formulated in Section 4. Sections 5 and 6 characterize their performance measures, respectively. We also establish in Section 6 the basic relationship between announcement coverage and customer balking and reneging through a stochastic comparison. The numerical analysis in Section 7 compares the models with and without announcements, and explores the role the announcement coverage plays. The paper ends with concluding remarks. In the appendix, we present support and proofs of some results derived in the core of the paper.
Literature Overview
The literature related to the subject of this paper spans mainly three areas. The first one deals with queueing models incorporating reneging. The second area pertains to the prediction and announcement of delays seen from a queueing perspective. The third area is related to the psychology of waiting and the qualitative impact of announcing delays on customer behavior.
In the following, we highlight some of the literature with regard to the first area, without providing a complete overview. The presence of customers that renege subsequent to delay announcements is a feature often found in call centers that makes this study of value in practice. The importance of modeling abandonments in call centers is emphasized by Garnett et al. (2002) , Gans et al. (2003) and Mandelbaum and Zeltyn (2006) . Empirical evidence regarding abandonments in call centers can be found in Brown et al. (2005) and Feigin (2005) .
We refer the reader to Ancker and Gafarian (1962) , Garnett et al. (2002) , and references therein for simple models assuming exponential impatience, as we do in this paper. In Jouini and Dallery (2007a) , the authors consider performance evaluation of a Markovian multiserver queue with two types of impatient customers, having different priorities. Other papers have allowed reneging times to follow a general distribution. Related studies include those by Baccelli and Hebuterne (1981) , Brandt and Brandt (2002) and Zeltyn and Mandelbaum (2005) .
As for the second area, we refer the reader to the relevant work of Whitt (1999b) . The author focuses on estimating state-dependent delays and presents both accurate methods and approximations of waiting times in different situations. Models under consideration are queueing systems with different customer classes, characterized by different service rates, exponential and non-exponential service times. Nakibly (2002) reviews several classical results, and extends the analysis to some other complex models, with priorities but without abandonments. Announcement of these delay estimates to customers and subsequent reactions of customers are not considered in these studies. As already mentioned, estimating state-dependent delays is known to be difficult. It is related to the transient analysis of birthdeath processes, and in general of Markov chains. The literature on birth-death processes is extensive and growing, see Keilson (1964a) , Kijima (1997) , Jouini and Dallery (2007b) , and references therein.
The problem of predicting and announcing delays has recently received a lot of attention in the field of call centers. Whitt (1999a) models and quantifies the effect of giving state information to customers on the performance in a single class Markovian call center model. The analysis shows that average waiting times can be reduced with accurate announcements. Jouini et al. (2007) extend the analysis of Whitt (1999a) to a setting with two customer classes with priorities, incorporating delay announcements. Guo and Zipkin (2007) consider a simple queueing model where three levels of information can be provided to customers, namely no information, partial information and full information (the exact waiting time). The authors investigate how information about delays can enhance system performance. None of these papers allow for reneging subsequent to joining the queue, which is a restriction that is relaxed in Armony et al. (2005) as well as in the current paper. Taking general distributions for service times and times before reneging, Armony et al. (2005) develops methods based on fluid approximations to study the effect of announcing delays. The performance of one particular delay announcement, that of announcing the last customer's realized delay, is explored. Motivated by this type of delay announcement, Ibrahim and Whitt (2007) explore the performance of different real-time delay estimators based on recent delay experience by customers. Armony and Maglaras (2004) , and Armony and Maglaras (2004a) consider a slightly different model. Based on his anticipated delay information, a customer may balk, elect to wait, or leave a message. When a message is left, the service provider calls the customer back within a guaranteed time. The authors show that system performance improves, both in terms of throughput and in terms of average waiting time.
Note that although the modeling approaches differ from one work to another, the findings usually confirm the benefits of communicating delays to customers. Guo and Zipkin (2007) is one exception, where conditions are identified under which more information may hurt the customer or the service provider. In a more general service setting, where delay information provided to customers is allowed to take different forms including qualitative and vague statements, Allon et al. (2007) show the possibility of a strategic self-interested firm that might choose to provide intentionally vague information to strategic customers to induce desired behavior from them. Our modeling approach, which allows us to capture the link between the announcement that is made and resulting system performance explicitly, enables us to similarly explore different effects on system performance that different announcements may have and as a result propose that the service provider could choose delay announcements to induce particular balking and reneging reactions by customers.
The third area of literature close to this paper is related to the psychology of waiting.
The literature on customers influenced by delay begins with Naor (1969) . Focusing on customer psychology in waiting situations Maister (1985) proposes a set of hypotheses some of which are tested in the subsequent literature. We rely on the recent review by Bitran et al. (2008) and references therein to highlight results from the literature on which we draw in formulating our model. It is apparent from this review that modeling waiting experiences and generalizing customer reactions are difficult to do due to the presence of many moderating effects including personal differences and service context. Given that call center specific evidence is very limited, we also rely on results that emerge from other contexts.
One of the first models is by Osuna (1985) constructing a direct relationship between waiting time and dissatisfaction or stress experienced by customers during the wait. Elsewhere it is argued that it is not time but the perception thereof that drives customer satisfaction (see for example Hornik (1984) , Zakay (1989) ). It is shown that in settings where customers lack information on the duration of the wait, i.e. in settings with uncertainty concerning queue length and progress as in tele-queues, people tend to overestimate waiting durations (Taylor (1994) ). This implies higher dissatisfaction with the wait. Information on delays on the other hand shorten perceived waiting time by customers (Katz et al. (1991) , Hui and Tse (1996) ). Many have attributed this to the sense of control that the customer feels about the wait once uncertainty about it has been removed through an announcement (Taylor (1994) , Katz et al. (1991) , Hui and Tse (1996) ). But this does not seem to be the only effect: told that they will wait for a certain amount, people are documented to adjust their acceptance level for waiting (Hui and Zhou (1996) ). More recent results emphasize the importance of a sense of progress to customers Rafaeli (2002) , Munichor and Rafaeli (2007) ). In physical queues, people observe that they are getting closer to service and this has an improving effect on their mood while waiting (Rafaeli (2002) ). Lab experiments simulating a tele-queue in Munichor and Rafaeli (2007) show that customers prefer queue position announcements over music or apologies, and react by being more persistent in holding the line, providing further evidence to the idea that progress matters to customers. An improvement in satisfaction level as customers approach service is also consistent with the check-in phase of the five phase service encounter profile detailed in Bitran and Lojo (1993) , of which an example in a call center context is provided in Bitran et al. (2008) . While a delay announcement can act like a time guarantee thereby increasing satisfaction as the wait proceeds to the announced time, exceeding this time will have a negative effect on customers, reducing their satisfaction (Katz et al. (1991) , Kumar et al. (1997) ).
Results from this literature motivate some of our modeling assumptions, as detailed in the following section. We note that many of the results pertain to satisfaction levels in general waiting settings, and links to customer reactions like balking and reneging in call center settings have not been established. Some exceptions are papers that directly analyze call center data (Brown et al. (2005 ), Feigin (2005 ) and the lab experiments in Munichor and Rafaeli (2007) .
Announcing Delays in Call Centers
This section lays out basic characteristics of the setting being modeled and describes possible impact of the announcement of delays on customer behavior.
Preliminaries
Consider a call center with a single group of agents, serving a single class of customers. The model consists of one infinite queue, and a set of s parallel, identical servers representing the set of customer representatives (agents). Customers waiting in queue are served under the FCFS discipline. Interarrival times as well as successive service times are random, and assumed to be independent and identically distributed (i.i.d.).
Upon arrival, a customer is addressed by one of the available agents, if any. If not, the customer may decide to immediately leave the system (balking) or to wait, at least for a certain amount of time (waiting). In addition, this decision is likely to depend on whether or not the call center is providing information about anticipated delays in the queue. In this paper, we will study and compare the behavior of a call center without delay announcements and of a call center with delay announcements. In order for the comparison to make sense, we need to specify customer patience in these different environments. To do so, let us consider the following idealized situation with perfect delay announcements first.
Consider a "perfect information call center" in which the waiting time of a customer could be predicted exactly and given to the customer upon his arrival as information. Further assume that the customers of this call center are fully aware of such an announcement and its exactness. In this situation, each customer, say customer k, would arrive with a given (deterministic) patience time t k . Note that this patience time could possibly be equal to 0 representing a customer who is not willing to wait (infinitely impatient customer). This time represents an ideal construct which we may call patience threshold under perfect delay information. It would represent the customer's willingness to wait including all dimensions of the service (like for example the importance attributed to the service by the customer), however excluding the customer's preferences concerning uncertainty in the duration of the hold. The behavior would then simply be as follows. If the announced delay time, say d k , exceeds the patience time of the customer, i.e., d k > t k , the customer would leave the system immediately (balking); otherwise, the customer would join the queue and stay until entering service. Because of the accuracy of the delay announcement and the definition of t k , the customer would never abandon the queue. For simplicity, we assume here and throughout the paper that the customer's discovery of a busy system, listening to a delay announcement, and making a decision on balking all happen in zero time. In reality we expect these durations to be very short, nevertheless still positive.
Since customers will vary in their preferences, each customer may have a different t k value. We assume that we can statistically characterize the patience behavior of the customers by a distribution of patience times. This distribution will in general consist of an atom at the origin, corresponding to very impatient customers, and a remaining continuous distribution. An atom close to the origin is also present in the Israeli call center data analyzed in Brown et. al. (2005) and the U.S. Bank call center data analyzed in Feigin (2005) .
Let α 0 denote the probability that a customer, arriving to a busy system, will immediately balk. This feature models a non-negligible portion of the customers who call with the idea to hang up immediately once they know that they have to wait for service. On the other hand, customers who find a busy system will accept to join the queue with probability 1 − α 0 .
For these customers, we assume that their patience thresholds are random and i.i.d. under a given continuous distribution. The patience of a particular customer is thus a random outcome of this distribution and is known upon arrival in the queue. We will assume that these patience times are exponentially distributed with parameter γ. We continue to impose the exponentiality assumption on patience times in the models with (imperfect) delay announcement and no delay announcement that we present below. This is mainly to preserve tractability in our models. Indeed, empirical evidence from real call centers suggests that patience times may not be exponential (Brown et al. (2005 ), Feigin (2005 ).
The Impact of Announcing Delays
In this section we consider a call center that provides information on delays to its customers.
Unlike what is assumed in Section 3.1, delay announcements are not perfect, thus allowing us to model reality where indeed it is impossible to provide exact delay announcements. This brings with it the added complexity that different delay predictions are possible and hence that different durations may be announced to customers.
From a modeling perspective, an important feature is that customers are expected to react to such announcements by changing their behavior (Katz et al. (1991) , Hui and Tse (1996) , Taylor (1994) , Hui and Zhou (1996) , Munichor and Rafaeli (2007) ). Different types of announcements might instigate different types of reactions in terms of balking or reneging. When we inform a customer about her anticipated delay, she will decide right away, either to hang up immediately because she estimates that her delay is too long, or to start waiting in the queue. In the latter case, there are two further possibilities. The first is that customers never abandon thereafter. The second possibility is that they are still impatient, i.e., customers may abandon even if they have chosen to start waiting. It is natural to expect that customers would abandon in a different way than in the model without announcements (Feigin (2005) ).
Similarly, the balking reaction is expected to depend on the information provided. For customers who find the system busy, the balking with probability α 0 is still present. The remaining customers (with probability 1 − α 0 ) will get delay information. Thus, their subsequent balking decisions will depend on the delay information. Below, we discuss possible forms of delay information that could be given to customers, and present the different modeling possibilities that arise from these.
What Information Do We Provide?
It is possible to provide different types of information regarding delays. A common one is to announce the number of customers ahead. This is not very meaningful in a setting where the number of servers are unknown to customers, service times are random and where customers may abandon the queue. A more sophisticated version announces the number of customers ahead upon arrival, and updates the announcement each time that number changes. However, in addition to creating operational complexity, this type of information may create customer confusion: due to randomness, equivalent decreases in queue length may take very different lengths of time. A further possibility is to announce some realtime delay estimators based on recent delay experience by customers, as in Armony et al. (2005) or Ibrahim and Whitt (2007) . This type of announcement is shown to work well when delays are relatively long, i.e., for highly loaded systems. Since we want to announce state dependent queueing delays, we do not consider this type of announcement any further herein.
For call center settings where the state-dependent waiting time of each new arrival can be derived, we distinguish between three additional types of delay announcement. The first, as in Whitt (1999a) , is to give the whole distribution of the anticipated waiting time to each new customer. A customer will make use of the entire delay distribution to decide wether to join the queue or not. This is like saying that each customer has her own coverage probability (precision) which may be different from that of the other customers. Then, the customer will pick up the realization from the distribution, that corresponds to her coverage probability, and will make her balking decision in response. This first type of announcement is at odds with reality. In practice it is unrealistic to give a customer the distribution function of her anticipated delay.
For that reason, a second type of announcement, which is to communicate the expected value of the delay distribution, has been suggested by Whitt (1999a) . This is simple and easy to understand by customers. On the other hand, when the number of customers already in queue is small the state-dependent waiting time can be quite different from its mean, since the variability of state-dependent delays will be high in that case. The expected delay will only be a good estimate of the state-dependent delay when the number of customers ahead in queue is large, since the delay distribution is in that case highly concentrated around its mean (see the remark on page 196 of Whitt (1999a) ).
In the third type of announcement, the call center manager specifies a unique tail probability for everybody, say β. The parameter β is a coverage probability based on which we determine a time x from the waiting time distribution of a newly arriving customer. The actual waiting time of this customer will be less than that x with probability β. It will be larger than that x with probability 1 − β. Typically, the announcement information would be "You will wait less than x minutes". This third type of delay announcement is more plausible in a real setting, since a typical customer will understand a given delay announcement, and the service provider is able to control the desired reliability of the announcement by choosing β. Our analysis in this paper is for the third form of announcement with a given coverage probability.
How Does a Customer React?
The first model we can consider, that captures the change in customer behavior with respect to delay information, is the model analyzed by Whitt (1999a) . Accordingly, a customer balks with a probability that depends on her anticipated delay. Once she decides to join the queue, she never abandons thereafter. Replacing all abandonments by balking is quite meaningful in an environment with perfect delay announcements, as described in Section 3.1, but when predictions and therefore announcements are not exact and customers know about this, we can envisage many other things happening. In particular, we expect customers to abandon the queue, even after having chosen to join initially, and further expect this abandonment behavior to depend on the announced delay. For example a customer who does not balk, may perceive the subsequent wait as longer than it really is and lose patience as a result.
Customers may take the announced time like a time guarantee, or time progressing towards the announced wait as a sign of progress and persist in holding until the announced delay, but if the wait starts exceeding the announced time they will be frustrated and may lose their patience as a result. Other customers may not experience any dissatisfaction from uncertain waits, or may not take the delay announcements by the firm to be credible, and thus may not change their initial patience behavior. These are only some possibilities, motivated by observations from the earlier literature, and we can easily envisage these effects being combined with others to yield customer responses to imperfect delay announcements. What we conclude from these possibilities is that a model that considers customer abandonments subsequent to a decision to join the waiting line seems more realistic. We thus consider a model that incorporates customer reactions both in terms of balking that depends on a customer's anticipated delay, and subsequent reneging. Given the complexity of reality, we opt for a heuristic approach and model the customer reaction in terms of reneging by making use of several extreme cases.
One possibility is that of a customer who ignores the delay information and does not update her patience threshold t k . We call this the no-update case. Among other things, this might be attributed to a form of duration negligence, as discussed and reviewed in Bitran et al. (2008) . Another possibility is a customer who completely updates her patience threshold and replaces t k by the announced delay. We call this the update case. One possible explanation for this type of behavior is the presence of an anchoring effect (see for example Kahneman et al. (1982) ) on the announced delay. Given the definition of t k in a world with perfect delay information, we do not expect a delay announcement to affect customer patience by prolonging it beyond this value. In other words, the patience prolonging effect of delay announcements that is suggested by the data in Feigin (2005) and by evidence in Hui and Zhou (1996) , is already incorporated in t k . Clearly, other external factors may prolong a customer's patience but we do not model these herein, so these possibilities are not considered. This suggests that the no-update case represents one extreme case. Similarly, some customers may update their patience threshold to a value that is below the announced delay. While we recognize this as a possibility, we think such customers will be limited and can be disregarded in the model. The earlier cited work suggesting an increase in satisfaction as time progresses and approaches the announced delay subsequent to joining the queue (Bitran et al. (2008) , Munichor and Rafaeli (2007) ), lends support to this view. Thus, we consider the update case as another extreme case. In reality, the most likely scenario is that of customers that combine these effects, resulting in a patience threshold that lies somewhere between the announced delay and t k . We propose to model this case by assuming that each customer has a probability q to be an update type and 1 − q to be a no-update type, and call the resulting situation the mixed case.
For each of the three cases that we consider in modeling customer behavior (no-update, update, and mixed), the desired patience behavior is approximated by an exponential distribution. The new reneging experience in the system with delay announcement is characterized in Section 6.1.
Description of the Models
In Sections 4.1 and 4.2, we formulate the models without and with delay information, respectively. In the first model we consider, we assume that no delay information is given to customers. After entering the queue, a customer will wait a random period of time for service to start. If service has not begun by this time she will renege. In the second model, each customer gets information about her anticipated delay and reacts to that.
We formulate both models based on comparisons with the perfect delay information call center we introduced in section 3.1. As before, in both models there is a single class of customers and s statistically identical servers in parallel. We also assume, in both models, that arrivals follow a Poisson process with rate λ, and service times are exponentially distributed with rate µ. Another similarity is that in all models, we consider the proportion α 0 of customers who are not willing to wait, irrespective of available information.
The Model without Delay Announcement
The model with perfect delay information represents a setting with no uncertainty about waiting duration, once the customer has chosen to wait. The model without delay announcement on the other hand represents the other extreme with the highest level of uncertainty concerning the waiting duration. Given risk-averse behavior exhibited by customers in the domain of time Leclerc et al. (1995) and based on earlier cited evidence, as uncertainty increases, we expect lower customer satisfaction. Due to this, we consider the proportion of customers who are unwilling to wait to be higher in a call center with no delay announcement when compared to an ideal call center with perfect delay information.
Among the customers who find all agents busy, a proportion α 0 immediately balks. This is the base proportion (customers who are unwilling to wait any amount of time). For the remaining customers (proportion 1−α 0 ), there is a proportion α 1 who choose to immediately balk too. We attribute this proportion to the frustration a customer may anticipate in case she will join an invisible queue with no information about anticipated delays. Even if these customers were willing to wait some given amount of time, they would feel afraid that their waiting time will be too long. So, they would prefer to immediately leave the system upon their arrival instead of experiencing the uncertainty of waiting in queue. In practice, distinguishing the two proportions (α 0 , α 1 ) is difficult and we only differentiate between the two proportions to clarify the comparisons.
The uncertain wait is also expected to affect the resulting patience of the customers that decide to wait, potentially due to overestimating the delay Katz et al. (1991) , or because uncertainty negatively effects the acceptability of a wait Hui and Zhou (1996) . In the model with perfect delay announcements customers have been modeled as having patience times that are exponentially distributed with parameter γ. Since delay announcements are exact, there is no reneging by customers in this model, and all reneging is replaced by balking subsequent to delay announcement. We model the setting with no delay announcements as having patience times that are exponentially distributed with parameter γ + γ 1 where γ 1 ≥ 0. This allows us to consider the possibility of higher impatience in the case with no delay information.
While a comparison with a perfect information call center is not possible in practice, the comparison of hazard function estimates for customers who have and have not heard delay announcements in a call center (in Figure 12 of Feigin (2005) ) seems to lend support to the idea that initial abandonment (modeled as balking in our setting) is higher and subsequent patience seems to be lower when there is no announcement.
The resulting model referred to as Model 1 is shown in Figure 1 . We note that in Model 1 there is no time difference between the two balking decisions.
The only difference is the reason for balking, or in other words the type of balking. Customers of both types of balking will immediately leave the system. So in Model 1, a customer who finds all servers busy will balk with probability α 0 + (1 − α 0 )α 1 . She will join the queue with the complementary probability (1 − α 0 )(1 − α 1 ). In the latter case, she is willing to wait in queue only a certain amount of time. If service has not begun by this time she will renege and be lost. We assume that her patience threshold is a realization derived from an exponentially distributed random variable with rate γ + γ 1 . Finally, we assume that retrials are ignored, and reneging is not allowed once a customer starts being served. Model 1 can be viewed as an M/M/s+M queueing system with balking. The symbol M after the + is to indicate the Markovian assumption for times before reneging. Note that reneging makes the system unconditionally ergodic for any γ > 0.
The Model with Delay Announcement
Based on the discussion in Section 3.2, we describe in what follows the call center model in which we add delay announcement.
Upon arrival, if less than s customers are in system, no action is taken because the new customer gets service immediately. If all agents are busy, we again model the fact that a proportion of new arrivals come being unwilling to wait any duration of time. We assume that each new arrival to a busy system has a probability α 0 to immediately balk, before even hearing his anticipated delay. It is reasonable to assume that the proportion α 0 is identical to that in the model with perfect information and in Model 1 since these customers do not experience any difference between the two systems.
Contrary to Model 1, we believe that balking stemming from waiting uncertainty (no information) has no reason to be present here, i.e., there is no α 1 parameter. In addition, we assume that customers have trust in the information given by the call center. All customers who were initially willing to wait (with probability 1 −α 0 ) will give the call center the chance to provide them with delay information. This information is assumed to be delivered in zero time. These customers may however balk for another reason, namely, they may decide to balk as a function of the announced delay.
Consider a customer who finds all servers busy and n (n ≥ 0) waiting customers ahead of her in queue. With probability 1 − α 0 , she will accept to hear the information provided to her about her anticipated delay. If she does so, we derive the distribution of her virtual delay, say D n . The quantity D n is a conditional random variable, given the queue state n.
It is the waiting time in queue for a customer that will wait until service begins (in case she elects to join the queue). Then, we communicate to her the delay which corresponds to a given coverage probability β. Let g n (t) be the probability density function (pdf) of D n , and let G n (t) be its Cumulative Distribution Function (CDF), t ≥ 0.
Let T be the random variable measuring the initial random patience threshold of customers, (with probability 1 − α 0 : an exponential distribution with rate γ). Let d n be the delay we communicate to our customer,
n (β). It means that the queueing delay of the new customer does not exceed d n with a chance β. For that customer, we stipulate that she decides to balk if her random patience threshold, T , does not exceed her anticipated de-
(n) denote the probability of this event. Next assuming that balking decisions of successive customers are independent, we get
So, given that a customer does not balk with probability α 0 , she may balk with probability p B (n) in response to the delay announcement. Once the new customer elects to wait with probability 1 − p B (n), she may renege within a random delay. This new random threshold is statistically different from the initial one and is characterized in Section 6.1 as a function of the delay announcement made. Again, we assume that retrials are ignored, and reneging is not allowed once a customer starts being served. The resulting model referred to as Model 2 is shown in Figure 2 . The parameter of reneging γ in this figure will be defined later in Section 6.1.
The new model incorporating delay announcement, Model 2
Analysis without Delay Announcement
In this section, we derive several performance measures related to Model 1. The approach here is based on system state probabilities seen by a randomly chosen new arrival. From the classical PASTA property (Poisson Arrivals See Time Averages), these probabilities coincide with those seen by an outside random observer, i.e., simply the probabilities that the system is in a given state at a random instant. The PASTA property is based on the memoryless property of the Poisson process, which allows to generate a sequence of arrivals that take a random look at the system. We refer the reader to Kleinrock (1975) for further explanation, and Wolff (1982) for a rigorous proof. While our approach is similar to that of Whitt (1999a) , the model we consider as well as details of how we derive the performance expressions are different.
To avoid clutter in the notation, we will use the same notation for Models 1 and 2. Also, we derive the performance measures while ignoring the parameter γ 1 defined in Section 4.1.
In the analysis below, the reneging rate γ might be simply replaced by γ + γ 1 if we have more reneging as explained in Section 4.1.
We denote the system state by a random variable E(t) taking non-negative integer values representing the number of customers in the system at t ≥ 0. Let p(i) be the steady state probability that i customers are present in Model 1 at a random instant, i ≥ 0. The process {E(t), t ≥ 0} is a birth-death process, see Figure 3 . When the number of customers present in system, i, is less than or equal to s−1, all arrivals enter the system. So, the birth rates are λ. In addition, all departures are service completions. Then, the death rates are iµ, i < s.
Otherwise if i ≥ s, an arrival has a probability α 0 + (1 − α 0 )α 1 to immediately balk. So, the birth rates are λ(1 − α 0 )(1 − α 1 ). Departures may be service completions or abandonments.
Thus, the death rates are sµ In the steady state, one has a set of infinite recursive relations relating the steady state probabilities p(i), i ≥ 0. We go on to solve by iteration and get the following solutions
where p(0) is the stationary probability to have no customers in system. Using the normalization condition, it follows that
Equations (2) and (3) enable us to compute all system states' stationary probabilities at a random instant. Define now P I as the probability of immediate service for a newly arriving customer. Applying PASTA, we get
We denote by L q the expected number of customers waiting in queue, and by L s the expected number of customers present in system. They are given by
Let us now proceed to compute the probability for a new arrival to balk, say P
B
, that to enter service, say P S , and that to renege, say P R .
When a new customer finds less than s customers in the system, she gets service immediately. This is equivalent to finding at least one server idle, and it occurs with the probability
given in Equation (4). Let us now consider the complementary event, i.e., assume that a new customer finds all servers busy. This customer will balk with probability α 0 +(1−α 0 )α 1 .
Applying PASTA we get
Let us compute the stationary probability to renege, P R . This quantity can be viewed as the stationary proportion of customers who renege, seen at the epoch of a new arrival. Then, it is the fraction of the stationary mean rate of reneging customers (seen by a new arrival)
over that of arrivals. Applying PASTA, the latter fraction is equal to that seen at a random instant. Moreover, since times before reneging are i.i.d. and exponentially distributed, the stationary mean rate of reneging customers is simply γL q . So, P R may be computed as
A customer who does not balk upon arrival and does not renege thereafter (in case she waits in queue) will necessarily enter service. Thus, the stationary probability for a new arrival to enter service is simply given by P
We consider the analysis of queueing delays next. The sojourn time of a customer in queue will end either as a result of reneging or start of service. Here, we focus on the conditional waiting time, given that service is completed. We compute any kth order moment, k ≥ 0, of this conditional random variable, say E(X k | S). To do so, we use a similar approach to that used in Jouini and Dallery (2007a) , which is originally inspired from Whitt (1999a).
Consider a customer who finds all servers busy and n waiting customers in queue, n ≥ 0.
Assume that this customer does not balk, and let us define a pure-death process with statedependent death rates as shown in Figure 4 . The process is derived from that in Figure 3 .
We only consider states ranging from s to s + n + 1 (the n + s customers already in system plus the new arrival). We do not consider birth rates because future arrivals have no priority over the customer of interest (the discipline of service is FCFS). Conditioning on the system state, this new arrival will start her sojourn at position s + n + 1 in system (position n + 1 in queue). There are two possibilities: the customer of interest will wait until service begins (with probability Ψ n+1 ) or renege before service begins (with probability 1−Ψ n+1 ). The process moves from state i to state i−1, s+1
in the case of a departure event, i.e., in the case of either a service completion with rate sµ, or a reneging event with a rate equal to the number of waiting customers times the reneging rate, (i − s)γ. The memoryless property of service times as well as times before reneging allows us to state the following claim. When being in state i, the probability that the process moves down due to the event of reneging of our customer of interest is given by γ sµ+iγ . Next, the conditional probability, Ψ n+1 , that our customer does not renege while waiting in queue, given that she finds n waiting customers upon arrival and does not balk, may be written as
In other words, the latter event means that our customer does not renege in all possible queue positions she will occupy, starting from position n + 1 until position 1 and enters service afterwards.
Let us now define the conditional random variable X n+1 , given that our customer finds the system busy and n waiting customers, n ≥ 0. The random variable X n+1 denotes the time it takes to empty the queue of n + 1 waiting customers (without considering eventual future arrivals). Our customer will enter service with probability (1
in X n+1 units of time. Conditioning on a state seen by a new arrival and averaging over all possibilities, we state using PASTA that the kth order moment of the sojourn time in queue and being served afterwards is given by
, where E(X k n+1 ) denotes the kth order moment of X n+1 . Thus, the kth order moment of the conditional waiting time in queue, given service is completed, is
It remains for us to derive the expression of E(X k n ), n ≥ 1. The random variable X n can be viewed as the first passage time to state s starting from state s + n in the pure death process of Figure 4 . Then, the distribution of X n is the convolution of n independent exponential distributions with parameters sµ + γ, sµ + 2γ, ..., and sµ + nγ, which is an hypoexponential distribution, see Ross (1997) . So, all moments of X n may be easily derived in closed form using for example the Laplace transform of the hypoexponential distribution.
Here, we only give the first two moments of X n . They are
Finally, the variance and standard deviation of the conditional waiting time given service, are
The performance measures we derive in this section will be used later in Section 7 for the numerical comparison between the models with and without announcement.
Analysis with Delay Announcement
In this section, we consider the analysis of the model with delay information, Model 2. We first characterize in Section 6.1 the new patience behavior of customers as a function of the delay announcement made. Performance measures of Model 2 are then derived in Section 6.2. In Section 6.3, some results about the relationship between announcement coverage and customer related performance measures are investigated.
Characterization of the New Reneging Behavior
For a customer waiting in queue in Model 2, we assume that her random patience threshold is exponentially distributed with rate γ , γ = γ. While we need the exponentiality assumption (which is an approximation) for an exact analysis of the corresponding queue to be feasible, we argue later in this section (after Equation (16)) that the same procedure can be applied as a good approximation in the case of some general impatience distributions. A plausible alternative to the exponential distribution with rate γ is a delayed exponential distribution where each customer waits for a given delay and then reneges with an exponential rate. In the appendix, we present simulation experiments that give further support regarding the quality of the exponential approximation.
In what follows, we compute the distribution of the virtual delay D n as a function of γ . The time until our new arrival is scheduled to start service is the time it takes for the n customers ahead to leave the queue (either abandon or enter service) plus the time required for a service completion (when all servers are busy). So, the virtual delay D n can be characterized by the pure-death process as shown in Figure 5 . The random variable D n is the downcrossing time from state n + s until absorption in state s−1. It represents the time it takes to empty the queue for our customer, plus a service completion. Thus, the distribution of D n is the convolution of n + 1 independent exponential distributions with parameters sµ, sµ + γ , ..., and sµ + nγ , which is an hypoexponential distribution. From Ross (1997) , the pdf and CDF of D n are given by
(Note that by convention, an empty product is equal to 1).
To answer the question of how γ should be computed, it is natural to relate the new customer patience to her original one and to the announced delay. To do so, we define for each new arrival finding n customers in queue, the conditional probability that this customer will renege, given that she does not balk after hearing her anticipated delay. Recall that we will consider three situations in our analysis: the no-update case where we denote this conditional probability by r N n , and the update case where we denote it by r U n , and the mixed case where we denote it by r M n . The no-update case is one where the patience threshold of our customer (denoted by customer k) does not change, that is, she was willing to wait up to a duration t k and she still has that threshold even after being informed about her anticipated delay.
The update case is one where the delay information affects the customer's initial patience, and the delay value d n we announce to her substitutes her initial patience threshold t k . The mixed case combines the behavior in the other two cases, and is analyzed in the appendix.
We show there that the resulting conditional probability that the customer will renege, r M n , will lie between the corresponding probabilities of the update and no-update cases.
For the no-update case, the quantity r N n is the conditional probability that the queueing delay, D n , exceeds the random initial patience, T , given that our customer elects to join the queue, i.e., given that the random patience exceeds the announced delay, d n . It is given by
For the update case, the quantity r U n is the conditional probability that the queueing delay, D n , exceeds the announced value, d n , given that our customer elects to join the queue, i.e.,
given that the random patience exceeds the announced delay, d n . It is given by
With a little thought, it should be clear that r U n is equal to 1−β, which is the probability that the call center misinforms the customer. We will present necessary details for calculating both r N n and r U n in Section 6.2, and will prove that r N n is lower than r U n . Intuitively, this can be seen as follows: Whenever we announce d n based on a given coverage probability β, we shall make at worst a mistake with a chance of 1 − β. Consider a new arrival finding n customers in queue. Assume that the customer is willing to wait t k for service to begin. The duration t k is a random realization of the random variable T . If t k > d n , then the customer joins the waiting line. After joining the queue, the probability that the time it takes for a server to become free (for the customer of interest) exceeds d n is 1 − β. Since the customer is initially willing to wait up to t k , hence knowing that t k > d n , the probability that the duration t k passes before a server becomes free for our customer is less than 1 − β.
In what follows, we give a method to compute the new reneging rate γ for both cases.
For presentation issue, we will differentiate between the notations of the quantities r N n and r U n only if necessary. Otherwise, i.e., if what we are considering holds for both cases, we will denote both of them by simply r n . Assume we reach the stationary regime, and let λ R be the mean rate of abandoning customers. Applying PASTA, this quantity equals that seen by a new arrival. We get, by averaging on all possibilities,
where p(n), n ≥ 0, are the stationary probabilities of the number of customers in system seen at a random instant. We will compute these quantities in Section 6.2.
On the other hand, if we denote by L q the expected number of customers in queue, we can write using the exponentiality of customer impatience
We shall give the expression of L q in Section 6.2. Note that Equation (16) implies a linear relationship between the reneging probability and average waiting time in queue, which is exact in the case of an exponential patience distribution as assumed here. While this relationship does not hold theoretically for general patience time distributions, Mandelbaum and Zeltyn (2004) show that practically this linearity is preserved for many general distributions, including the delayed exponential, under moderate loads. This suggests that our approach to calculate γ provides a good approximation under some non-exponential patience times.
Combining Equations (15) and (16) we get
The quantities L q , p(s + n), p B (n) and r n are functions of γ . So, denoting the right hand side in Equation (16) by a continuous function f in γ , we may write γ = f (γ ). As a consequence, we state that γ is a point mapped to itself by the function f . In mathematical terms, γ is said to be a fixed point of f . To numerically compute γ , we propose the following fixed point algorithm.
Fixed point algorithm()
End Algorithm.
We note that in the algorithm above, p(s + n)(γ
) is a functional form with γ
as the argument. We do not prove the convergence and uniqueness of the solution of the fixed point algorithm, but a large numerical experience with the algorithm is encouraging in this respect.
Clearly the reneging parameter γ depends on the choice of β. On the one hand if β increases, the announced delays will increase. Then, for both the no-update and update cases, the set of customers that will elect to wait is smaller, by excluding the customers with low patience thresholds. As β increases, the rate γ will thus decrease. This is confirmed later in the numerical experiments in the appendix.
In the particular case, β = 0, one may see that Model 2 under the no-update case coincides with Model 1 in terms of the distribution of times before reneging (γ = γ). Consider Model 2 under the no-update case and let β = 0. Then, we will announce d n = 0 for any new arrival (finding a busy system and n waiting customers in queue, n ≥ 0). No customer will balk,
In addition, a new customer who chooses to join the queue has a probability r
In this particular case, the expression of the mean abandoning rate λ R , see Equation (15), coincides with that in the case of an exponential patience with parameter γ. We then deduce that γ is the fixed point of f (solution of γ = f (γ )). In words, it means that we are accepting all arrivals in Model 2. Since these arrivals will keep their initial patience thresholds, we exactly reproduce the initial reneging distribution (exponential with rate γ).
Performance Analysis
We start by defining the birth-death process as shown in Figure 6 . Birth and death rates are both state-dependent. The new element here is that we have to take into account the state-dependent balking decisions when the process moves from state i to state i + 1, for i ≥ s, i.e., all servers are busy.
Figure 6: Birth-death process for Model 2
In the stationary regime, we get the following steady state probabilities seen at a random instant
where p(0) is the stationary probability to have no customers in the system. It is given by
Hence, the probability of immediate service, P I , the mean number of customers in queue, L q , and the mean number of customers in system, L s , can be calculated as in Relation (20).
Having the expression for L q , it only remains for us to compute the quantity r n so that we can apply the fixed point algorithm, shown in Section 6.1, to get γ . In what follows, we give closed-form expressions of r n in the update and no-update cases.
Let us start by the update case, r U n . It is the simpler case. Equation (14) may be rewritten as
Since the random variables T and D n are independent, we have
which agrees with intuition as explained in Section 6.1.
For the no-update case, we use Equation (13) to rewrite r N n as follows.
Since T is exponentially distributed with rate γ, the denominator in the right hand side of Equation (23) is simply
As for the numerator, it is given by
Calculating further, we get
Next, observing that
and coming back to Equation (23), we finally state that A customer who finds at least one server idle will immediately start service (balks with probability 0). If she finds all servers busy and n waiting customers, n ≥ 0, she balks with probability α 0 because she is not willing to wait any duration of time. If not, she will balk with probability p B (n). Then, a customer who finds all servers busy and n waiting customers, will balk with probability α 0 + (1 − α 0 )p B (n). Averaging on all possibilities and applying PASTA, we get
In the same manner as in Section 5, the stationary probability to renege is given by
Finally, we remark that a customer who does not balk and does not renege will necessarily enter service. Hence, the stationary probability to enter service is P
We carry on computing the performance measures of interest, namely the analysis of the conditional waiting time in queue, given that service is completed. We denote by E(X
the kth order moment of that random variable. Following again a similar analysis as that in Section 5, we have
where Ψ n+1 is the probability that a new arrival who joins the queue and finds n waiting customers ahead of her in queue does not renege until the start of service. It is given by
and X n , n ≥ 1, denotes the time it takes to empty the queue of n waiting customers (without considering eventual future arrivals), and E(X k n ) denotes its kth order moment, k ≥ 1. As in Model 1, the distribution of X n is the convolution of n independent exponential distributions with parameters sµ + γ , sµ + 2γ , ..., and sµ + nγ . The expected value and the second moment of X n are respectively given by the same expressions as in 10 where γ is replaced by γ .
Stochastic Comparison
Understanding the relationship between announcement coverage and customer related performance measures is important. We next provide a stochastic comparison result, that allows us to state the direction of this relationship. In words, increasing the announcement coverage reduces the reneging of customers at the expense of additional balking. The numerical analysis below will help us understand the role the announcement coverage β plays on performance further, and compare to performance under Model 1 when no delay announcements are made.
Numerical Analysis
In this section we analyze the sensitivity of the optimal announcement coverage to various system parameters and compare the performance of the models with and without delay information. The parameters of Model 1 are λ, s, µ, α 0 , α 1 , γ and γ 1 , while those of Model 2 are λ, s, µ, β, α 0 and γ. Throughout this section, we set α 0 to 0. In other words, we consider numerical examples where the initial balking probability α 0 is negligible. We expect this choice to have no effect on the results below in the qualitative sense. As a consequence, we only consider the second type of balking. Also in Model 1, we do not consider the possibility of higher impatience, i.e., γ 1 = 0. We choose to capture customers' dislike for uncertainty, in case of a system with no information about anticipated delays, only by a higher initial abandonment (modeled as balking in our setting).
To analyze and compare Models 1 and 2, we build two frameworks of comparison. The first is based on system throughput and is investigated in Section 7.1. The second is based on an economic model and is presented in Section 7.2.
Flow Framework
In what follows, we compare the two models using a flow framework. We compare the throughput, or equivalently the probability to enter service. A coherent comparison requires computation of the optimal announcement coverage, β * , that maximizes the probability to enter service, P S 2 in Model 2. Let us first consider Model 2 under the no-update case. Consider two systems. The first is Model 2 with β = 0 (all customers join the system) and the second is Model 2 with β > 0. Then more customers are accepted in the first system because some customers will immediately balk in the second one. In the first system, some of these customers (who have balked in the second system) may not renege (due to uncertainty the system may be available to serve them before they would renege). So, more customers enter service in the first system than in the second. In Model 2, β = 0 maximizes P S 2 , β * = 0. As already mentioned at the end of Section 6.1, the threshold patience of a customer who elects to wait (in Model 2 under the no-update case and with β = 0) is exponentially distributed with rate γ. As a conclusion, Models 1 and 2 coincide for α 1 = 0 and Model 2 performs better than Model 1 for any α 1 > 0.
For a more interesting comparison, we next focus for Model 2 on the customer reaction following the update case. If β is small, customers tend to join the queue but they will renege very quickly after. So, P S 2 will be very low. In the extreme case (β approaches 0), only customers who find an idle system will be served. On the other hand if β is large, only a few customers will elect to join the queue. Again in this second extreme case (β approaches 100%), only customers who find an idle system will be served. As a consequence, there should an optimal β in between, β * ∈ (0, 100%). In other words, β * is the tradeoff between two situations. In the first situation, we provide low anticipated delays to the detriment of having a lot of reneging. In the second situation, we decrease the reneging: we ensure high coverage probability by providing high values of anticipated delays to the detriment of having a lot of immediate balking.
Under a flow framework, we ask whether we really need to provide information about delays. We consider Model 2 working under the optimal value of β. We vary the balking parameter α 1 in Model 1 from 0% to 100%, and compute the associated probability of being served P S 1 . It is not surprising that P S 1 is continuous (from Equations (6) and (7), and knowing that P for any β > 0 because we accept fewer customers in Model 2. For β < 100%, P S 2 > 0. As a consequence, there exists a unique threshold value α 1 belonging to (0, 100%) such that any value lower or equal to that value will imply P S 1 ≥ P S 2 , and above that value will lead to P Table 1 . For each example, we give for Model 1 the corresponding threshold value α 1 , found also numerically, given in percentages and rounded up to integer values. From Table 1 , we see that α 1 is relatively small for large systems. The reason is that large systems have good performance due to the pooling effect. By increasing pooling in Model 2, we accept more customers because waiting times and particulary their variances become shorter and shorter. The latter allows us, indeed, to provide higher coverage probability in our announcements while improving at the same time the probability to enter service. This explains the increase of β * in the system size. The minimum value of the balking probability α 1 in Model 1, that makes Model 2 better in terms of throughput, decreases as a consequence in the system size.
These examples illustrate that from a flow perspective, managers of small call centers may prefer to have some balking, and if the balking is sufficiently low, may prefer not to announce anticipated delays to customers. On the other hand, they would prefer large call centers with delay information. The latter has less lost customers than that without delay information under realistically achievable non-zero immediate balking probabilities in settings with no announcement.
Economic Framework
In this section, we use a more robust framework of comparison by considering the loss of goodwill costs. We define an economic framework in which we introduce different penalty costs for lost customers, those who balk and those who renege, and differentiate between these based on whether the customers were being informed about delays or not. The penalty costs can be seen as a valuation of the customer loss of goodwill (and potentially loss of business) generated by balking and reneging customers. The second type of balking, i.e., due to no delay announcement in Model 1, should be more costly than the first one due to non immediate service. Lost customers under the second type of balking decide to leave the system because they anticipate that they will experience a long delay of uncertain duration before entering service. At the epoch of their call, they desire to obtain the service and are willing to wait for it, albeit not for long and possibly not for an unknown duration. This is different from lost customers' perception under the first type of balking. The latter have no idea about the system state with regard to its availability for them, or do not consider this in their decision. They are simply unwilling to wait at the epoch of their call. It is the difference in initial willingness to wait (irrespective of subsequent delays) that distinguishes the two types of balking. We assume c
since the second type of customer is foregoing more by balking. While this assumption is consistent with our distinction between α 0 and α 1 , it remains to be tested and verified in practice.
A customer who balks (under any type of balking) in Model 1 should have a higher probability to call back than that of a customer who reneges. A reneging customer leaves the system with frustration due to the time lost, potentially also losing trust in the service provider. However, a balking customer leaves the system without waiting. This customer may think that the system will be able to serve her later within a reasonable delay, whereas the customer who leaves the system by reneging has already experienced a delay perceived to be too long. Consistent with these observations, we assume that c
The second inequality implies that customers attach an opportunity cost to the time spent waiting before reneging, which is lost once they renege. While a consistent valuation of time by customers has been challenged in the literature (as reviewed by Bitran et al. (2008) , page 67), our qualitative results which only depend on the direction of the relationship and not on the absolute values of these costs should not be affected by these findings.
Similarly for Model 2, we pay c 2 . Also in Model 2, a reneging customer should cost more than a balking customer (any type of balking). A balking customer leaves the system based on information provided. This information would avoid loss of business because it is perceived as an invitation to call back later. A reneging customer leaves because the wait is perceived as too long, possibly because the announced delay has been exceeded. That such a customer should feel less satisfaction is consistent with evidence in Katz et al. (1991) and Kumar et al. (1997) . So, we assume c In Figures 7 and 8 , we give a presentation of the cost parameters in Models 1 and 2, respectively.
Let us now compare the two models for each type of cost. In a real setting, customers who are unwilling to wait any amount of time (first type of balking with probability α 0 in both models) should have very similar loss of goodwill when being lost. Their experience will not lead them to distinguish between Model 1 and 2. Hence, it should be plausible to (or lack of information) in Model 1 when comparing this type of lost customers to that in Model 2 (see for example Katz et al. (1991) , Hui and Zhou (1996) ). However, consistent
with Kumar et al. (1997) , a customer who reneges in Model 2 would be unhappier than that in Model 1 because she has been misinformed about her queueing delay. To reflect this, we assume c Table 2 , we summarize the comparison between the costs parameters we described above. 
Recall that we set α 0 to 0, see Section 7.1. For both models, costs related to the first type of balking are nonexistent. For presentation issues, we then substitute the notations , respectively. Also we set α 1 to 10%. In the following analysis, we consider Model 2 under the no-update case and investigate four issues. The first three only concern Model 2: the effect of the announcement coverage β on the total loss of goodwill cost of the call center (balking + reneging costs) leading to the determination of the optimal announcement coverage, β * , which minimizes the total operating cost. The second issue is the effect of the assumed cost parameters on β * . The third one is the effect of pooling on the performances of Model 2 and on β * . The last issue deals with the comparison between Models 1 and 2, where we assume that Model 2 is being operated under the optimal announcement coverage.
Effect of β on total cost: This section numerically illustrates the stochastic comparison result in Section 6.3, and introduces the notion of an optimal announcement coverage β * under an economic framework.
As we will see, increasing β is not always better. So, there is a need to control this parameter. Let s = λ = 5, the service rate be µ = 1, and the abandonment rate be γ = 0.5.
We label this example as the base case. We vary the announcement coverage β from 50% up to 99%. For each β, we build up the model with announcement by computing the new reneging rate γ , as explained in Section 6.1. We assume that the call center incurs c Observe that the optimal announcement coverage is increasing in system size. Even though β * is increasing, the delay that is announced with n customers waiting in queue decreases in system size. This is shown in Figure 11 , where we use the virtual delay distribution in Section 6.1 with the corresponding γ and β * from Tables 3 and 4 to obtain the delay announcement for a given queue size n. We observe that as the number of servers increases, β * approaches 100% with both the probability of balking and reneging going to zero. However the relative decrease in the reneging probability (when moving from a system to a larger one) is greater than that in the balking probability. The shorter waiting times coupled with higher coverage probability in the announcements as we pool, ensure that fewer customers exceed the announced delays, thus reducing the probability of reneging. The resulting γ is decreasing. Balking is also affected by shorter delay announcements, but does not benefit from the increased coverage probability since customers who balk do not elect to wait in the first place. In fact as β * increases the decrease in the announced delay is much slower (as seen from the shape of the curves in Figure 11 ) so that the relative benefit in terms of reduced balking is also slower. Due to this relative difference, the minimum cost is reached for a higher value of β that favors a faster decrease in reneging probability as system size increases. The increase in β * as a function of system size would be higher for lower c Comparison between Models 1 and 2: We again consider Tables 3 and 4, 
. From the numerical experiments, we see that all performance Figure 11 : Delay announcements as a function of s, for given n measures are improving as a function of system size for both models. This is the well known pooling effect in queues.
Since the optimal β * for our examples here are quite high and α 1 is not that high, we have more balking in Model 2 in all cases except for s = λ = 100. In the latter, waiting times are low because of the pooling effect. Then, balking as a response to delay announcement (in Model 2) is low so that the balking related to α 1 (in Model 1) becomes relatively more important. We also see that the probability of reneging is lower for Model 2 throughout.
The reason is that Model 2, as it were, "refuses" entry for customers who potentially may renege.
If α 1 were chosen to be 0, one would see for all system sizes, but especially for small systems, that the probability of service is a bit better in Model 1. The reason is that some of the customers who balk in Model 2 might wait in Model 1 until service begins, without reneging. Furthermore, the conditional waiting time would be better in Model 2 (less customers are served in Model 2). For our numerical examples here (α 1 = 10%), we see that for small call centers, the probability of service (P S ) is better for Model 1. For large call centers, the opposite is true. The reason is that balking is high in Model 2 for small call centers. As call centers size grows, waiting times improve. So, balking decreases in Model 2 because the delays we are announcing are decreasing. The conclusions about the comparison of conditional waiting times are the opposite to those of the probability of service. This is expected since when the probability of service is the best in one model, then more customers are present in the latter (in the statistical sense). While having the same capacity, this model will perform the worst in terms of waiting times before being served.
For the cost parameters chosen here, we see that the balking cost is lower in Model 1 for all cases except for the case s = λ = 100. The explanation is the same as that for the comparison between balking probabilities (same balking cost for both models). Although the Figure 12 , we plot the costs as a function of β. From Figure 12 , we see the same qualitative results as those for the no-update case. The difference here is that γ may be greater than γ for low values of β. The conditional probability for a customer to renege given that she elects to wait is 1 − β, which can approach 1 for low β. The new reneging rate γ will converge to 0 as β goes to 100%.
From Figure 12 , we deduce that the optimal announcement coverage is β * = 98%, higher than the one found under the no-update case. In general the optimal value β * is larger for the update case than that of the no-update case. This is due to the fact that the reneging rate in the update case is higher than that of the no-update case, see Proposition 1. The fundamental tradeoff between balking and reneging in a call center with delay information (selection of the announcement percentile) is similar to that in queueing systems with finite waiting space (selection of the queue size). In such systems, less waiting space means more balking customers; but at the same time it also leads to lower waiting time for those who get access (and if reneging is present, it leads to lower reneging customers).
Concluding Remarks
In future work, it would be interesting to empirically describe customers' reactions in response to delay announcements, in order to validate our modeling of that reaction herein.
In particular the heuristic modeling of the reneging reaction, through customers of type no-update, update and mixtures of the two, remains to be tested. Lab experiments that control for everything else and allow a direct comparison between the models with perfect, imperfect, and no delay information would be valuable in supporting assumptions pertaining to balking and reneging made in the analysis herein. Providing direct evidence from a call center setting for the cost relationships in the economic framework of Section 7.2 is another issue that remains to be explored.
An ambitious extension of the current analysis is to consider non-stationary arrivals which would be an important issue in practice. Another extension worth exploring is one where balking or reneging customers may call back. Rather than capturing different implications of balking and reneging through assumptions on the costs, as was done in the current paper, one could concretely model the differences as different probabilities to call back for customers who have balked or abandoned in a setting with retrials.
Validation of the Exponential Approximation
In this section, we investigate the quality of the approximation we consider for new patience times in Model 2. To get a tractable analysis, we assumed in Section 6.1 that new patience times are exponentially distributed with rate γ and we developed a method to compute the parameter γ . To assess the exponential assumption, we compare in what follows the performance measures of Model 2 derived by the numerical method (exponential approximation) with those given by simulation. We conduct this study for both the no-update and update cases.
Consider the proposed Model 2 with update or no-update behavior, which we will call the ideal simulation. Under the no-update case, a customer who joins the queue will renege as soon as her waiting time reaches t k (initial random threshold). Under the update case, a customer who joins the queue will renege as soon as her waiting time reaches d n (the delay estimate). We underline a complexity associated with the delay we announce, d n . It is very hard to derive the exact distribution of D n , based on which we determine the value d n with coverage probability β. We need to compute the convolution of the distributions of the remaining patience times of the customers waiting in queue for each customer. To simplify the analysis, we simulate an intermediate Model 2 in which we assume that D n is exponentially distributed with rate γ . To determine the value of γ , one would think to apply a fixed point algorithm using simulation at each step. This is again very heavy to do.
Instead we use the value of γ derived from the numerical computation using the fixed-point algorithm from Section 6.1. We label the latter as the exponential approximation method in this appendix. In summary, we will simulate Model 2 such that we announce the same delay d n as in the exponential approximation model. Customers who join the queue will then renege exactly as assumed either under the no-update (after t k ), or the update case (after d n ).
The resulting Model 2 that we simulate is intermediate between the ideal simulation and the exponential approximate model. We believe that the comparison between this model and the approximate exponential one (developed in Section 6.1) will give good indications about the quality of the exponential approximation made in the latter.
We run simulations for several values of the system parameters. For all cases, µ = 1, γ = 0.5, α 0 = 0 and γ 1 = 0 (for Model 1). We consider (s, λ) = (5,5), (10,10), and (50,50).
For each system, we choose the coverage probability β = 50% and β = 80%. For each β, the reneging rate, based on which we compute d n , is derived from the numerical approximation of Section 6.1. In Tables 5 and 6 , we give the results of the comparison for the no-update and update cases, respectively. In these tables, we present the performance measures derived by simulation and those derived by the numerical method (approximation) developed in the core of the paper. From Tables 5 and 6, we observe that the exponential approximation gives good results in both the no-update and update cases. This can be explained using the results derived in Zeltyn and Mandelbaum (2005) . Under the Quality-Efficiency-Driven regime where delays are short, it is pointed out that the patience distribution near the origin determines the behavior of the system. Similar results are found for patience distributions with a positive density at the origin (Theorem 4.1 in Zeltyn and Mandelbaum (2005) ), as well as for patience distributions with an atom at the origin (Theorems 4.2 and 4.3 in Zeltyn and Mandelbaum (2005) ). In Theorem 4.3 of Zeltyn and Mandelbaum (2005) , the authors consider a scaled balking increasing in the queue state, which is somewhat similar to what we consider in this paper, p B (n). They conclude that approximate performance measures depend only on the patience distribution near the origin.
For small systems as those in our experiments, waiting times are also relatively short thus giving the main importance to the behavior of the patience distribution at the origin rather than in the tail. Since in addition to that the balking behavior is the same for the simulated and exponential approximated models, the exponential approximation has a good quality. Recall that for both the no-update and the update cases the simulated model takes the random variable D n to be the same as that in the approximation (based on the same value of γ ). So, p B (n) is the same in the simulated and approximated models. Then, the patience distributions in both models have the same atom at the origin. Tables 5 and 6 we make some observations about the value of the new reneging rate γ . For the no-update case, γ is always lower than γ (As already explained in Section 6.2). We observe from 6 that for the update case γ > γ in these examples. From Table 5 , γ increases in the system size for β = 50%, and decreases in the system size for β = 80%. This example illustrates how beta controls the tradeoff between reneging and balking, and how a low coverage probability choice as represented by the β = 50% case here can lead to an increased rate of reneging from the system despite the pooling effect. In the larger systems, we are accepting more customers with low patience thresholds, and having announced delays with β = 50%, more of these customers will have been misinformed which will thus lead to higher reneging rates from the system. For the update case in Table 6 , even for β = 80% the system reneging rate cannot be reduced through pooling. This is because customers who decide to wait are updating their patience to the times we announce, which are lower than their original thresholds, thus leading to a situation resembling that described for the β = 50% case under no-update.
Based on the results in

Analysis of the Mixed Case
In this section, we consider the mixed case. To analyze this case, it suffices to compute for each new arrival finding n customers in queue, the conditional probability that this customer will renege, given that he does not balk after hearing her anticipated delay. We denote this probability by r M n . We then apply the same analysis as that in Section 6 to get the performance analysis of Model 2 under the mixed case.
We assume that we have a Bernoulli process. Each customer electing to join the queue has a probability q (q ∈ [0, 1]) to be an update type and 1 − q to be a no-update type, independently of all other events. This leads to 
where r U n and r N n are given in Equations (22) and (28), respectively. Using Proposition 1 and Equation (33), one may easily state the following inequality
Proof of Proposition 1
We use the expressions of r U n and r N n given in Equations (22) and (28), respectively. For 0 ≤ i < n + 1, we have 1 sµ + γ + iγ > 1 sµ + γ + (n + 1)γ .
Then, we derive for β < 1 the following inequalities for the last term in the right hand side of Equation (28).
where g n is the pdf of the hypoexponential distribution given in Equation (11). This finishes the first part of the proof about the strict inequality.
In the extreme case β = 1, Equations (22) and (28) lead to r U n = r N n = 0. This means that all customers in both situations will not renege. The reason is that no customers enter the systems. All of them balk because we announce to them an infinite anticipated delay,
Proof of Proposition 2
Let N i (t), i = {a, b} be the number of customers in System i at time t. We use uniformization and coupling, and show by induction that N a (t) ≤ N b (t), implying the desired orderings on the probability of balking and reneging in Systems a and b. All events are generated from the same Poisson process with rate Γ = λ + sµ + Kγ where K is chosen as a very large number, ensuring that the probability of having more than K customers in queue is negligible. The Since the probability of balking is given by P (T < d k−s ), we note that every time a customer balks from System b, she will also balk in System a and there will be additional customers who balk in System a, thus leading to N a (t) ≤ N b (t). Whenever N a (t) ≤ N b (t) there will be more service completions from System b.
Under the no-update case, the probability that the k − sth customer in queue reneges is given by P (T < D k−s |T > d k−s ), where the delay in queue increases as a function of the length of the queue. Using the fact that reneging is exponential, we can state that whenever a customer reneges from System a, she will also renege in System b with additional reneging occurring in System b. More specifically, all customers in System a will have their identical counterparts in System b. These identical customers will renege in a similar fashion. In addition, System b will have some additional customers, non-identical to any in System a.
If all of these non-identical customers do not renege at time t, one has N a (t) < N b (t), if on the other hand all of them renege the system states can revert back to N a (t) = N b (t).
Under the update case, the probability that the k − sth customer in queue reneges is given
. Once again, when N a (t) ≤ N b (t), there will be a customer in System b corresponding to each customer in System a, plus some additional customers. 
